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o BpeMeHll rrpOMOpa)KJfBaHlUI
rrp5IMoyronhHorO 6pyca II rrapannenerrllrre,n;a

j{-p meXH.HayK C.B.f1JPOJIOB, B.JI.KHllHHC
CaHKm- IIemep6YPzcKuu zocyiJapcm6eHHblU yHu6epcumem HU3KomeMnepamypHblx U nu~e6blX meXHO/lOZUU

The well-known formulae for freezing time of rectangular beam and
parallelepiped is considered, its lacks are observed. Some new formulae,
which are free from marked lacks, are suggested.

llIHpoKO HCrrOJIb3yeMaR B XOJIO.n:HJIbHOHTeXHOJIOrHH

nHIlleBbIX rrpo.n:yKTOB.n:nR orrpe.n:eJIeHHR rrpo.n:omKHTeJIb-

HOCTH3aMOpa)l{HBaHHR KJIaCCHqeCKaR <popMyna P.I1JIaHKa

[1] 6bIJIa rrOJIyqeHa .n:nRTeJI rrpocTOH <pOPMbI- 6eCKOHeq-

HbIX rrJIaCTHHbI H I(HJIHH.n:pa, a TaK)I{e mapa. ,L(JIRTeJI )l{e

60JIee CJIO)l{HOH<pOPMbI HeB03MO)l{HO rrOJIyqHTb TOqHYIO

!pOpMyny .n:a)l{e rrpH yCJIOBHH BbIIlOJIHeHHR Bcex MHoro-

qHCJIeHHbIX yrrpoIllaIOIllHx .n:orrYIlleHHH [1], BBe.n:eHHbIX

P.I1JIaHKoM.

1-:13 TeJI CnO)l{HOH <pOPMbI HaH60JIee HHTepecHbIMH RB-

JIRIOTCR6eCKOHeqHbIH rrpRMoyrOJIbHbIH 6pyc H rrapanJIe-

nerrHrre.n:. B nHTeparype BCTpeqaIOTCR 4 BapHaHTa rrpH-

6nH)I{eHHbIX <popMyn .n:JIRpaCqeTa BpeMeHH 3aMOpa)l{HBa-

HHR Ten :nOH !pOPMbI [1], a TaK)l{e rro.n:P06HbIH cpaBHH-

TeJIbHbIH 0630P B [2]. l1ycTb rrpRMoyronbHbIH 6pyc HMe-

eT pe6pa 2R1 H 2Rz (M), rrpHqeM Rz~ R\. Toma xapaKTep-

HbIH pa3Mep 6pyca (paccToRHHe OT rroBepxHocTH .n:oHaH-

60nee y.n:aneHHoH OT Hee TOqKH) R = Rz. BBe.n:eM TaK)I{e

6e3pa3MepHbIH rrapaMeTp ~ = R/~ ~ 1. AHanOmqHO

onpe.n:enHM pa3MepbI rrapanneJIerrHrre.n:a 2RI' 2Rz H 2R3;

R = R3 ~ Rz ~ R\; ~I = R/R3 ~ ~z = R/R3 ~ 1.
Tor.n:a Bce BapHaHTbI !pOpMyJI .n:mI OlIpe.n:eneHHR BpeMe-

HH 3aMOpa)l{HBaHHR 3THX 06'beKTOB MO)l{HO rrpe.n:CTaBHTb B

CJIe.n:YIOIlleM BH.n:e:

"C= qpR (Q~+P.l),
TKp - TXJI 2)... a.

r.n:e '! - BpeMR 3aMOpa)l{HBaHHR, c;

p - IIJIOTHOCTb TeJIa, Kr/M3;

q - y.n:enbHaR TerrJIOTa !pa30BOro lIepexo.n:a, ,L()I{/Kr;

A - K03!p!pHI(HeHT TeIIJIOlIpOBO.n:HOCTH3aMOp0)l{eHHOH

qaCTH TeJIa, BT/(M'°C);
a - K03!p!pHI(HeHT TeIIJIOOT.n:aqHC 1I0BepXHOCTH TeJIa,

BT/(Mz.0C);

T - KpHOCKOrrnqeCKaR TeMIIepaTYPa, DC;
Kp

T
XII

- TeMrrepaTYPa xna.n:areHTa, DC;

Q H P - 6e3pa3MepHble K03!p!pHI(HeHTbI, KOTopble B

pa3JIHqHbIX BapHaHTax paCqeTa OlIpe.n:eJIRIOTCR IIO-

pa3HOMY·
l-u 8apuaHm. lIcrroJIb3yR K03!p!pHI(HeHT !pOPMbI

Q = P = cI> = V / (SR), rue <1> - 6e3pa3MepHbIH K03!p!pHI(H-

eHT !pOPMbI; V - 06'beM TeJIa, M3; S - IInOIlla.n:b 1I0Bepx-

HOCTH TeJIa, MZ, .n:JIR6pyca H lIapannenelIHlIe.n:a 1I0JIyqHM

<I> =~.
6p r3+1'

<I> = r31r3z (2)
n r31r32 + r31 + r32

2-u 8apuaHm. 110 <popMyJIaM P.I1JIaHKa [4, 5] IIpH
P = cI> Haxo.n:HM:

n± = (r31 + r32 + 1± k) / 3;

k = ~(131-132)(131 -1) + ({\ _1)2 .
3-u 8apuaHm. lIcIIOJIb3YR !pOpMynbI K.TaHaKH H lI.HH-

mHMOTO [6], a TaK)l{e [1,2], 1I0nyqHM IIpH P = cI>

2r32

Q6P = (r3 + 1)2 ;

Q = 3r31
2

r32
2

n (r31r32 + r31 + ~2)2 .
4-u 8apuaHm. 110 !popMyJIaM r.JIopeHceHa H C.POCBH-

Ka [3] H [2] OlIpe.n:eJIHM

1
~P =1--;2~



2(313-2)
Q6p = 3(213 -1) ;

P =1__1 1_+_1_.
n 2131 2132 3131132'

Q = 2(6131132- 4(131 + 132) + 3)
n 3(2131 -1)(2132 -1) ,

Ka)l(,n1.IH H3 3THX BapHaHTOB HMeeT He,nOCTaTKH. HaH-

60JIee llJIOXOH 3-H BapHaHT, TaK KaK OH e,nHHcTBeHH1.IH H3

Bcex He nO,WIHIDIeTCJI rpe60BaHHlO: <popMyJIa MJI napaJI-

JIeJIenHne,na npH 131~ 00 ,nOJI)I(Hanepexo,nHT1. B <pOpMyJIy

MJI 6pyca C 13= 132, a <popMyn:a MJI 6pyca npH 13 ~ 00 - B

<pOpMyJIy ,nJIJI 6eCKOHeqHOH nJIaCTHH1.I (,nJIJI KOTOpOH

P = Q = 1). ,neHcTBHTeJI1.HO, eCJIH HaH60JI1.rnaJi cTopoHa

crpeMHTCJI K 6eCKOHeqHOCTH, TO napaJIJIeJIenHne,n nepe-

XO,nHTB 6eCKOHeqH1.IH npJlMoyrOJI1.H1.lH 6pyc, a OH, B CBOIO

Oqepe,n1., - B 6eCKOHeqHylO nJIaCTHHy. BpeMJI 3aMOpa)l(H-

BaHHJI (BapHaHTbI 1,2 H 3) KBa,npaTHoro 6pyca (13 = 1) H

Ky6a (131= 132= 1) paBHo BpeMeHH 3aMOpa)l(HBaHHJI BnH-

caHH1.IX B HHX KpyroBoro QHJIHH,npa (P = Q = 1/2) H rnapa

(P = Q = 1/3) COOTBeTCTBeHHO,XOTJI OqeBH,nHO, qTO QH-

JIHH,np H rnap 3aMep3HyT HeCKOJI1.KO61.Icrpee. BapHaHT 4

He HMeeT noro He,nOCTaTKa, o,nHaKO nOJIyqaeM1.Ie no 3TO-

MY BapHaHTY qHCJIeHH1.Ie 3HaqeHHJI HeCKOJI1.KOCOMHHTeJI1.-

H1.I. B caMOM ,neJIe, B npe,neJIe 6eCKOHeqHO 60JI1.rnoro KO-

3<P<PHQHeHTaTenJIOOT~aqH BpeMJI 3aMOpa)l(HBaHHJI KBa,n-

paTHoro 6pyca B 3TOM BapHaHTe B 4/3 paJa 60JI1.rne, qeM

BnHcaHHoro QHJIHH,npa, a KY6a - B 2 paJa 60JI1.rne, qeM

BnHcaHHoro rnapa. Ha Harn B3rJIJI,n, paJHHQa CJIHrnKOM

BeJIHKa, oc06eHHO ,nJIJIKy6a. KpoMe Toro, B BapHaHTe 4 B

OTJIHqHe OT nepB1.IX Tpex K03<P<PHQHeHTP He COBna,naeT C

K03<P<PHQHeHTOM<pOPM1.I <l>. 3TO TaK)I(e HeKoppeKTHO.

,neHCTBHTeJI1.HO, paCCMorpHM npe,neJI 6eCKOHeqHO Ma-

JIoro K03<p<pH.QHeHTaTenJIOOT,naqH a ~ 0 . IIPH 3TOMTeM-

neparypa BO Bcex TOqKaX 3aMOp0)l(eHHOrO CJIOJl, B TOM

qHCJIe H Ha nOBepXHOCTH TeJIa, CTpeMHTC H-

qeCKoH. II enJIOnOTOK C nOBepXHOCTH

TeJIa TenJIOTe KPHCTaJIJIH3aQHH BO,n1.IB TeJIe:

(TKp- T,)Sa't = Vpq.

OTCIO,na BpeMJI 3aMOpa)l(HBaHHJI

't= V qp 1 qpR <I>~
S T -T a T -T aKp XJI Kp XJI

IIOCKOJI1.KY B npe,neJIe a ~ 0 MbI ,nOJI)I(H1.InOJIyqHT1.

BTopoe CJIaraeMOe H3 (1), TOK03<P<PHQHeHTP ,nOJI)I(eH61.IT1.

TOqHO paBeH K03<p<PHQHeHTY<pOPMbI <1>. He06xo,nHMO OT-

MeTHT1. TaK)I(e qpe3BbIqaHHYlO rpoM03,nKOCT1. <pOpMyn:Ba-

pHaHTa 2. IIOJIyqaeMbIe npH 3TOM qHCJIeHH1.Ie pe3YJI1.Ta-

T1.I OTJIHqalOTCJIOT pe3yJI1.TaTOB, B1.lqHCJIeHH1.lX no npo-

BECTHHKME~YHAPOAHOHAKAAEMHHxonOAA

CT1.IM <popMyJIaM BapHaHTa 1, He 60JIee qeM Ha 9 % ,nJIJI

6pyca H Ha 14 % ,nJIJInapaJIJIeJIenHne,na npH JII061.IX napa-

Merpax npoQecca.

I1TaK, ,nJIJI nOJIyqeHHJI cooTHorneHHH ,nJIJI onpe,neJIe-

HHJI BpeMeHH 3aMOpa)l(HBaHHJI npJlMoyrOJI1.HOrO 6pyca

H napaJIJIeJIenHne,na, KOTopbIe He HMeJIH 61.1 He,nOCTaT-

KOB onHcaHH1.IX cnoc060B, HO COXpaHJlJIH 61.1HX ,nOCTO-

HHCTBa, He06xo,nHMO pyKOBO,nCTBOBaT1.CJICJIe,nylOI..QHMH

npH.HQH.llaMH:

HCKOMbIeCOOTHOrneHHJI,nOJI)l(HbIHMeT1.BH,n(1), r,ne K03<p-

<pH.1WeHTP paBeH K03<P<PHQHeHry<pOPM1.1<1>;
K03<P<PHQHeHTQ ,nOJI)I(eH y,nOBJIeTBOpJlT1.cJIe,nylOI..QHM

npe,neJI1.H1.IM COOTHOrneHHJlM: Q6p(I3)~ 1 npH 13 ~ 00 ;

Qn(131'132)~ Q6P(132) npH 131 ~oo;
B1.Ipa)l(eHHJI,nJIJIK03<P<PHQHeHTOBQ6P H Q

n
,nOJI)l(H1.I61.IT1.

,nOCTaTO'lHO npOCThIMH H nOXO)l(HMH Ha BbIpIDKeHH.JI .D:JIJI

K03<p<pH.QHeHTOB<pOPM1.I(2), HO H.XQHCJIeHHbIe 3HaQeHHJI

,nOJI)l(HbI 61.ITh HeCKOJIbKO60JI1.rne, QeM y <1>6p H <1>n'
BceM 3THM Tpe60BaHHJlM y,nOBJIeTBOpJlIOT CJIe,nylOI..QHe

COOTHOrneHHJI:

Q = _13_. Q = 131132 (3)
6p 13+ c1 ' n 131132+ C1(131+ 132)+ C2 '

r,ne C1 H C2 - HeKOTOp1.Ie 6e3pa3MepHbIe KOHCTaHT1.I.

,nJIJI onpe,neJIeHHJI 3THX KOHCTaHT paCCMOrpHM OTHOrne-

HHJI BpeMeHH 3aMOpa)l(HBaHHJI KBa,npaTHOrO 6pyca

(13 = 1) 'tJ<B6p H BllHCaHHOrO B Hero KpyroBoro QH.JIHH.D:pa'tu'

a TaK)l(e BpeMeHH 3aMOpa:>KHBaHHJIKY6a (131= 132= 1)'tK}'6 H

BllHcaHHoro B Hero rnapa 'tw npH yCJIOBHH a~ 00 • IIo-

CKOJIbKY MJI QH.JIHH.D:pa Q = P = <1>= 1/2, a ,nJIJI rnapa

Q = P = <1>= 1/3, TO H3 (1) H (3) nOJIyQHM

B = 'tK}'6 = 3 .
'till 2c1 + c2 +1'

2 3 4
c1 ="A-1; c2: B - A +1. (4)

TaKHM 06paJOM, 3a,naqa CBeJIaC1.K onpe,neJIeHHIO ,nByX

KOHCTaHTA H B. B paccMOTpeHH1.Ix B1.Irne qeT1.Ipex BapH-

aHTax B nepBbIx rpex A = B = 1, a B 4-M BapHaHTe -

A = 4/3, B = 2, qTO npe,nCTaBJIJleTCJI He BnOJIHe ,nOCTOBep-

HbIM. ,nJIJI onpe,neJIeHHJI 3THX KOHCTaHT eCT1. HeCKOJI1.KO

nyTeH:

BOCnOJI1.30BaT1.CJI MeTo,naMH KOMn1.lOTepHoro Mo,neJIH-

pOBaHHJI H pernaT1. 3a,naqH 0 3aMOpa)l(HBaHHH KBa,npaTHO-

ro 6pyca H Ky6a B paMKax nJIaHKOBCKHX ,nonyI..QeHHH qHC-

JIeHH1.lMH MeTo,naMH;

pernaT1. 3a,naqH npH6JIH)I(eHH1.lMH aHaJIHTHqeCKHMH Me-

To,naMH;

BOCnOJI1.30BaT1.CJIaHaJIOrHeH C OXJIa)l(,neHHeM.

HaH60JIee npOCT1.lM nyTeM JlBJIJleTCJITpeTHH, TaK KaK B



OTJUt<fHe OT 3aMOpa:>KHBaHH51 3atJ:a<fH 06 OXJIa:>KtJ:eHHJI.
KBatJ:paTHoro 6pyca H Ky6a MO:>KHOJIerKO peIIlaTb rrocpetJ:-
CTBOMpa3tJ:eJIeHfUJ nepeMeHHblx. PaccMarpHBa51 CJIyIaM
tJ:JIHTeJIbHOrO OXJIa:>KtJ:eHJl.5ItJ:0 TeMrrepaTypbI, 6JIH3KOM K
TeMnepaType XJIatJ:OHOCHTeJI51, MbI MO:>KeMBOCrrOJIb30-
BaTbC51TeopHeM peryJI51pHOrO TerrJIOBOrO pe:>KJl.Ma [1] JI.
noJIy'lliM:

22111 4A = -2 = 1,17..., B =- = 1,33... (5)
n 3

rtJ:e ~l - rrepBbIM HOJIb <PYHKIJ,HHEecceJI5I Jo'
1l0tJ:cTaBJI5151 (5) B (4), rrOJIy<fJl.M 3Ha<feHJl.51 C1 = 0,7;

c2 = - 0,15, rrotJ:CTaBJl5I5IKOTOpble B (3), 6ytJ:eM HMeTb

Q6P = ~ ~ Qn = ~ ~ ~ ~2 ~ . (6)+0,7 I 2+0,7( 1 + 2)-0,15
I1TaK, rrOJlY<feHbIHCKoMble, tJ:0cTaTO<fHOrrpocTble H KOp-

peKTHble <pOpMyJIbI (6) H (1) tJ:JI51orrpetJ:eJIeHJl.51 rrpotJ:OJI)l{JI.-
TeJIbHOCTH 3aMOpa:>KHBaHJI.5Irrp51MoyrOJIbHOrO 6pyca JI. rra-
paJIJIeJIerrHrretJ:a. OTMeTHM, 'ITO pa3pa60TaHHble aBTopa-
MH rrpH6JIH:>KeHHble aHaJIJl.TH<feCKHeMeT0tJ:bI paC<feTa Bpe-
MeHH 3aMOpa:>KJl.BaHJI.5I6pyca H rrapanJIeJIerrJl.rretJ:a, KOTO-
pble 6ytJ:yT orry6JIJl.KOBaHbI rr03tJ:Hee, tJ:aIOTpe3yJIbTaT, O<feHb
6JIJl.3KJl.MK rrOJIy<feHHoMy B ypaBHeHJI.JI. (6).
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