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PaCqeT BpeMeHM OXJIax,n;eHM5I IIHIII;eBbIX 06'beKTOB

MeTO,ll;OM KBa3IIO,ll;HOMepHOrO IIpII6JIIDKeHM5I
j{-p mexH.HayK C.B.<I>POJIOB, r.lI.MEPEMlIHCmR, K.1O.nOJUlKOB

CIl6FYH u IlT

The problem of arbitrary form homogeneous body cooling in quasi-
one-dimension approximation is observed. The simple formulas for
cooling time are obtained by means of direct variation method.

B XOJIO,lJ;HJIbHOHTeXHOJIOrHH IIHru;eBbIX npO,lJ;yKTOB qac-

TO 6bIBaeT He06xo,lJ;HMO paCCqHTbIBaTb npO,lJ;OmKHTeJIb-

HOCTb OXJIa)l(,lJ;eHHHnpO,lJ;yKTa ,lJ;0HeKOTopOH lPHKCHpOBaH-

HOH TeMnepaTypbI. IIpH 3TOM, KaK npaBHJIO, 3a,lJ;aeTCH

KOHeqHaH cpe,lJ;He06'beMHaH TeMnepmypa (npH OXJIa)l(,lJ;e-

HHH KOJI6aCHbIX H3,lJ;eJIHHnOCJIe TenJIOBOH 06pa60TKH, ry-
rneK nTHUbI nOCJIe 3a60H H np.) HJIH KOHeqHaR TeMnepa-

Typa nOBepXHOCTH (qaru;e Bcero npH 3aMOpa)l(HBaHHH nH-

ru;eBbIX npO,lJ;yKTOB, TaK KaK nepBOH CTa,lJ;HeH npoueCl;a

HBJIHeTCH OXJIa)l(,lJ;eHHe nOBepXHOCTH npO,lJ;yKTa ,lJ;0KpH-

OCKOnHqeCKOH TeMneparypbI). KaK H3BeCTHO [1], TOqHOe
perneHHe TenJI0<pH3HqeCKOH 3a,lJ;aqH06 OXJIa)l(,lJ;eHHHTeJIa

B03MO)l(HO JIHrnb B HeCKOJIbKHXnpocTeHrnHx CJIyqaRX. 3TH

CJIyqaH OTBeqaIOT, Bo-nepBbIX, nOCTORHHbIM TenJIo<pH3H-

qeCKHM xapaKTepHCTHKaM (O,lJ;HOp0,lJ;HOeTeJIO) H K03lP-

lPHUHeHry TenJIOOT,lJ;aqH(yCJIOBHR TenJIOOT,lJ;aqHO,lJ;HHaKO-

BbI BO Bcex TOqKaX nOBepXHOCTH) H, BO-BTOpbIX, TeJIaM

CneUHaJIbHOH lPOPMbI. K HHM OTHOCUCH TeJIa npOCTOH

lPOPMbI (6eCKOHeqHble nJIaCTHHa H UHJIHH,lJ;P,rnap), a TaK-

)l(e HeKOTopbIe HX KOM6HHaUHH, TaKHe, KaK 6eCKOHeqHbIH

npHMoyroJIbHbIH 6pyc, napaJIJIeJIenHne,lJ;, KOHeqHbIH UH-

JIHH,lJ;p.HCnOJIb30BaHHe 60JIee TOHKoro MaTeMaTH~IeCKO-

ro annapaTa n03BOJIHeT nOJIyqHTb TOqHbIe perneHHR eru;e

,lJ;JIRHeKOTopbIX TeJI (orpaHHqeHHbIX nOBepXHOCTHMH BTO-

poro nOpH,lJ;Ka).

PeaJIbHble nHru;eBble npO,n;yKTbI npe,lJ;CTaBJI}JIOTC060H TeJIa

CJIO)l(HOH<pOPMbI, KOTopble He MOryT 6bITb C ,lJ;OCTaTOqHOH

TOqHOCThIOannpOKCHMHpOBaHbI KaKOH-JIH60 H3 Bblrnenepe-

qHCJIeHHbIX lPOpM. O,lJ;HaKOnpHeMJIeMble COOTHOrne~H}},lJ;JI}J

onpe,lJ;eJIeHH}}npO,lJ;OJI)l(lITeJIbHOCTHOXJIa)I(,lJ;eHH}}HJIHHarpe-

BaHH}} TeJI CJIO)I(HOHlPOPMbI MO)I(HOnOJIyqHTb nocpe,lJ;CTBOM

HCnOJIb30BaHH}} TaK Ha3bIBaeMOro KBa3HO,lJ;HOMepHoro npH-

6JIH)I(eHH}}. OCHOBHaH H,lJ;eR:noro MeTO,lJ;aCOCTOHTB TOM,

qTO ypaBHeHHR TenJIOnpOBO,lJ;HOCTH,lJ;JI}JBcex Tpex TeJI npo-

CroH lPOPMbI HOCHT CXO,lJ;HbIHxapaKTep, a KpaeBble H Ha-

qaJIbHOe yCJIOBHHnpOCTO TO)l(,lJ;eCTBeHHbI:

c at =A{a2t +~.~}.
ih ax2 x ax ' -A~I = a/~I -t};a Y x=R XJl

X x=R

r,lJ;ex - KOOp,lJ;HHaTanonepeK TeJIa, M;

x = 0 COOTBeTcTByeT ueHTpy TeJIa, a x = R - ero no-

BepxHocTH;

R - xapaKTepHbIH pa3Mep TeJIa, T.e. ,lJ;JI}JnJIaCTHHbI -

nOJIOBHHaTOJIIIJ;HHbI,,lJ;JIHIJ;HJIHH.LqJaH rnapa - pa,rJ;Hyc,M;

't' - TeKyru;ee BpeMH, c;

't' = 0 cOOTBeTcTByeT HaqaJIY npouecca;

t(x,'t') - TeMneparypa BHyTpH TeJIa KaK lPyHKUHR KO-

0p,lJ;HHaTbI x H BpeMeHH 't';
C - o6'beMHaH TenJIOeMKOCTb npO,lJ;YKTa, ,ll>IdM3;

A - K03lPlPHUHeHT TenJIOnpOBO,lJ;HOCTH npO,lJ;YKTa,

BT/(M'°C);

a - K03<PlPHUHeHT TenJIOOT,lJ;aqH, BT/(M2•0C);
t

XJI
- TeMneparypa OKpY)l(aIOru;ero npO,lJ;yKT XJIa,lJ;OHO-

CHTeJIR, °c;

t
Haq

- HaqaJIbHaH TeMneparypa npO,lJ;yKTa, °c;

k - 6e3pa3MepHbIH K03lP<pHUHeHT;

k = 0 ,lJ;JIRnJIaCTHHbI, k = 1 ,lJ;JIRUHJIHH,lJ;paH k = 2 MH
mapa.

OTMeTHM, qro K03lPlPHUHeHT k ,lJ;JIRTeJI npocTOH lPOPMbI

MO)l(HO onpe,lJ;eJIHTb KaK:

1 Vk = - -1· <1>= - . (2)
<1>' SR '

r,lJ;e<I>- 6e3pa3MepHbIH K03lPlPHUHeHT lPOPMbI TeJIa;

V - ero 06'beM, M3;

S- nJIoru;a,lJ;b nOBepxHocTH, M2.

IIoCKOJIbKY Bblpa)l(eHH}} (1) H (2) HMeIOT CMbICJI ,lJ;JIRTeJI
JII060H lPOpMbI, B03HHKaeT eCTeCTBeHHaH H,lJ;eRpemHTb 3a-

,lJ;aqy (1) B 06ru;eM BH,lJ;e,lJ;M npOH3BOJIbHOrO 3HaqeHHR k H
3aTeM HCnOJIb30BaTb nOJIyqeHHOe perneHHe ,lJ;JIHonpe,lJ;e-

JIeHHR TeMnepaTypbI JII060ro TeJIa, nO,lJ;CTaBJIRRB Hero

3HaqeHHe K03lPlPHUHeHTa k, HaH,lJ;eHHOeH3 (2). IIpH 3TOM

no,lJ; xapaKTepHbIM pa3MepOM R nOHHMaeTCH paccToHHHe

OT nOBepxHocTH TeJIa ,lJ;0MaKCHMaJIbHO y,lJ;aJIeHHOHOT Hee

TOqKH.

IIpe)l(,lJ;e Bcero BBe,lJ;eM 6e3pa3MepHble nepeMeHHbIe:

KOOp,lJ;HHary ~ = x/R; BpeMH Fo = A:r2 (qHCJIO <l>ypbe); TeM-cR

nepmypy e = ( (t - txn) ); K03lPlPHUHeHT TenJIOOT,lJ;aqHBi = aR~-~ A



(qHCJIOnHO). I1epenHIlieM ypaBHeHIDI (1) B 6e3paJMepHOM
BH,ne:

ae =a 2e+~ ae. _ as = ..el .
aFo a~2 ~ a~ , a~ ~=I Bl ~=1'

ae =0;
a~~=O

el = 1.Fo=O

PeiliaH ypaBHeHHe (3) KJIaCCHqeCKHM MeTo,nOM paJ,ne-

JIeHIDI nepeMeHHhlx (MeTO,n <l>ypbe) [1], nonyqHM:

e(~,Fo) = LC;S;(~)exp(-~~Fo);
;=1

=0;
d~ ~=O

I

f~kSj(~~
Cj=-IO----

f~kS/(~1t~
°

YpaBHeHHe (5) CrpaHHqHbIMH YCJIOBIDIMH (6) H (7) HMe-
eT perneHHe B <PYHKQHHXneCCeJIH [3]. O,nHaKo 3TO peIIIe-
HHe ,nOCTaTOqHOHey,no6Ho CTOqKH 3peHHH npaKTHqeCKHX

paCqeTOB (MH onpe,neJIeHIDI co6cTBeHHblx qHCeJI 3a,naqH

Ili Heo6xo,nHMO pernHTb TpaHcQeH,neHTHoe ypaBHeHHe C

<PYHKQHHMHneCCeJIH), n03ToMY MbI, onHpaHcb Ha npHMoH

BapHaQHOHHbIH MeTO,n,nonyqHM npH6JImKeHHOe peIIIeHHe

3TOH 3a,naqH.

ECJIH BpeMH OXJIa)l()l;eHIDI HJIH HarpeBaHIDI ,nOCTaTQqHO

BeJIHKO,TOB Bblpa)f(eHHe (4) peanbHbIH BKJIa,LJ;BHOCHTTOJIb-

KOnepBhlH qJIeH pH,na. ,[{eHcTBHTeJIbHO, nOCKOJIbKY K03<p-

<pHQHeHTbIIl; pacTyT C YBeJIHqeHHeM i, TO Ka)l(,ZJ;oenOCJIe-
.nyIOIQee CJIaraeMOe pH,na (4) y6hlBaeT C pOCTOM BpeMeHH

6bICTpee, qeM npe,nbI.nyIQee. TaKHM o6pa30M, MH npoH3-

BOJIbHOrOTeJIa npH ,nOCTaTOqHO60JIbiliOH npo,nOJI)I(HTeJIb-

HOCTHnpoQecca TeMneparypa MO)f(eT 6bITb npH6JIH)f(eHHO

onHcaHa cJIe,nyIOIQHM Bhlpa)f(eHHeM:

r,ne BeJIHqHHa m, Ha3bIBaeMag TeMnOM OXJIa)f(,neHHH, He

3aBHCHT OT TOro, B KaKOH TOqKe TeJIa H3MepHeTCH TeMne-

parypa t, a K03<p<pHQHeHTA 3aBHCHT OT Hee. 31'0 Ha3bIBa-

eTCHnpH6JIH)f(eHHeM perynHpHoro TenJIOBoro pe)f(HMa.

,[{JIH pacqeTa no <popMyJIe (9) Heo6xo,nHMO onpe,neJIHTb

TeMn OXJIa)f(,neHHHm H KOHCTaHTbIA ,nJIHHHTepecylOIQHX

Hac 3HaqeHHH: cpe,nHeo6beMHoH TeMneparypbI A06 H TeM-

nepaTypbI nOBepxHOCTH A
no

•• O,nHaKO 3TH ,ZJ;Ba3HaqeHHH

OTHIO,nb He He3aBHCHMbI. ,[{eHCTBHTeJIbHO, paCCMOTpHM

CJIyqaH O,ZJ;Hopo,nHoroTeJIa npOH3BOJIbHOH <pOPMbI. 3anH-

IIIeM ypaBHeHHe TenJIOBOrO 6anaHca:

dt06cV =-as(tnoB -tXll';t"C, (10)
r,ne t

06
- cpe,nHeo6beMHaH TeMneparypa TeJIa, DC;

t
noB

- TeMnepaTYPa nOBepXHOCTH TeJIa, dc.
I10,ZJ;CTaBMH(9) B (10), nOJIyqHM

~OB mcV <I> AK
<p=--=--=-K' m--Ax> as Bi' - cR '

r,ne K - HeKOTopbIH napaMeTp, KOTOPbIH B KBa3Ho,nHOMep-

HOM CJIyqae paBeH III2, a MH TeJI npOH3BOJIbHOH <pOPMbI

HBJIHeTCHHeKOTopOH <pYHKQHeHqHCJIa Bi H <pOPMbITeJIa.

K03<P<PHQHeHTHeo,nHopo,nHOCTHTeMneparypHoro nOM <p
npH Bi ~ 0 CTpeMHTCH K 1, CJIe,ZJ;OBaTeJIbHO,npH 3TOM K -

Bi/<I>. TaKHM 06paJOM, qHCJIa m, A H A 6 CBH3aHbI COOT-
nOB 0

HOIIIeHHeM (11), H, 3Hag ,nBa H3 3THX Tpex napaMeTpOB,

MO)f(HO paCCqHTaTb TpeTHH.

3a,naqy (5) - (7), KaK H3BeCTHO [2], MO)l(HO 3anHcaTb B

BapHaQHOHHOMBH,ne:

J( =MIN{- f ~(~k dE:)Sd~/fE2~kd~}, (12)
=eW ° d~ d~ °

r,ne W - npocTpaHcTBo <PYHKQHH,y,nOBJIeTBOpHIOIQHX yc-

JIOBIDIM (6) H (7).
Tenepb Heo6xo,nHMO BbI6paTb annpoKcHMHpylOIQee BbI-

pa)l(eHHe .n;ng <PYHKQHH3(~). I1pH 3TOM Hy)I(HO HCXO,nHTb

H3 y,n06CTBa BblqHCJIeHIDI HHTerpanoB B Bblpa)l(eHHH (12).
HaH60JIee npocTbIM cnoco6oM HBMeTCH CTeneHHaH an-

npOKCHMaQIDl:

E(~)=I-a~b, (13)
r,ne a H b - HeKoTopble nOJIO)f(HTeJIbHble KOHCTaHTbI.

Tenepb, Bo-nepBblx, He06xo,nHMO yqeCTb, qTO <PYHKQHH

(13) ,nOJI)I(Ha y,nOBJIeTBOpHTb rpaHHqHbIM yCJIOBHHM (6) H
(7). I1o,ncTaBJIHH (13) B HHX, nOJIyqHM:

B' B'):b
a=-. 1_. S(~)=I-_I.,_. b> 1. (14)

Bl+b' Bi+b'
BO-BTOPbIX, no,nCTaBHB (14) B (12), npoHHTerpHpoBaB H

0603HaqHB R1 = k + 2b +1H Rz = k + 2b - 1, nOJIyqHM

J( = MIN Bi(Bi+R2Xk +1)(k +b+l)RI

hI R
2
[2Bi2+2R

1
Bi+(k+b+l)RJ' (15)

I1TaK, MbI HMeeM cTaH,naPTHylO 3a,naqy - HaXO)f(,neHHe

MHHHMyMa <PYHKQHHO,ZJ;HOHnepeMeHHoH. ,[{H<p<pepeHQHpyH

(15) no b H npHpaBHHBag npoH3Bo,nHYIO K 0, nOJIyqHM ypaB-

HeHHe qeTBepToro nopH,nKa:

12b4 +2(8Bi+19k+3)b3 +

+ [4Bi2 +8(3k-2)Bi+(llk+7)(k-3)]b2 +

+2[2(k-l)Bi2 +2(3e -6k-5)Bi+

+(k+l)(e -lOk-3)]b+

+ (k + 1)[(k - 5)Bi2 + 2k(k - 5)Bi - 4k(k + 1)] = O.



YpaBHeHHe (16) MO)l(HOpeuIHTb rro cPopMyJIaM <1>eppapH,

o,nHaKO pe3YJIbTaT 6y,neT CJIHUlKOM rpoM03,nKHM. Ilo:3TO-

My rrocryrrHM HHaqe. 0603HaqHM B cPopMyJIaX (17), (18),
(19) ~ =.J2k + 6. 3aMeTHM, qTO rrpH Bi -70 BbIpa)l(eHHe

(16) ,naCTK z Bi (k+ 1) BHe 3aBHCHMOCTHOT 3HaqeHHH b.
TaKHM 06pa30M, rrpH MaJIbIX 3HaqeHHHX Bi pe3YJIbTaT He-

CHJIbHO3aBHCHTOT3HaqeHHHb. Il03TOMY B ypaBHeHHH (16)
rrepeH,neM K rrpe,neJIy Bi -7 00. B pe3YJIbTaTe ypaBHeHHe

qeTBepToro rropH,nKa rrepeH,neT B KBa,npaTHoe, KopeHb KO-

Toporo (HaM Hy*eH KopeHb b > 1):

b -= R3 -k + 1
2

Bi(k + 1)(Bi + R3)(k + 2R3 + 5)
K:::< --------------

4Bi2 +4(R3 +2)Bi+R3(k+2R3 +5)'
CpaBHeHHe pe3YJIbTaTOBBbIqHCJIeHHif no cPopMyJIe (18)

C TOqHbIMH 3HaqeHHHMH rrOKa3bIBaeT, qTO OHH COBna,naIOT

CrrorpeUlHOCTbIO, He rrpeBbIUlaIOIneH 1,5 %. IlpHqeM rrpH-

6JIH)I(eHHaH cPopMyJIa (18) Bcer,na ,naeT HeCKOJIbKO3aBbI-

UleHHoe 3HaqeHHe K, KaK H ,nOJI)I(HO6blTb, rrOCKOJIbKYHC-

THHHoe 3HaqeHHe K ,naeT a6COJIIOTHbIHMHHHMyM cPYHKU:H-

OHaJIa (12), a COOTHOUleHHe(18) - JIHUlb MHHHMyM B cPYH-
KI:(HHXBH,na (14). KpoMe TOro, He06xo,nHMO OTMeTHTb, qTO

HaH60JIbllIaH rrorpeUlHOCTb rronyqaeTCH rrpH 6eCKOHeqHOM
Bi, qTO rro,nTBep)l(,naeT 060cHoBaHHocTb HCnOJIb30BaHHH

BbIpa)l(eHHR (17) rrpH JII06bIX 3HaqeHHHX Bi. TaKHM 06pa-

30M, cPopMyJIa (18) rr03BOJIReT paCCqHTaTb K03cPcPHU:HeHT

K(Bi, <1»,nJIHTeJI JII060H cPOPMbIqHCTOTeOpeTHqeCKH, 6e3
3MrrHpHqeCKHX ,naHHbIX. He06xo,nHMO TOJIbKO3HaTb K03cP-

cPHU:HeHTcPOPMbITeJIa <1>,MR orrpe,neJIeHHH KOToporo CJIe-

,nyeT JIHUlb H3MepHTb 3JIeMeHTapHbIe reoMeTpH.qeCKHe
napaMeTpbI o6'beKTa: 06'beM V,nJIOIna,nb rrOBepXH<.lCTHSH
xapaKTepHbIH pa3Mep R.
Tenepb, Kor,na y Hac HMeeTCH rrpH6JIH)I(eHHOe BbIpa)l(e-

HHe ,nJIH K, paCCMOTpHM Borrpoc 06 onpe,neJIeHHH A06•

3,necb eCTeCTBeHHOHCrrOJIb30BaThrrpH6JIlf)I(eHHOe pacrrpe-

,neJIeHMe TeMrrepmypbI (13). BHatIaJIe orrpe,neJIHM K03cP-

cPHI:(HeHTC1 rro COOTHOUleHHIO(8):

1f ~k (1- a~b)d~ 1 a---
C :::< 0 k+l k+b+l

1 I 1 2a a2f ~k (1- a~b)2d~ --- +-
k+l k+b+l R10

1

f~k(l-a~b}t~
A06 '" C1_0-1---=

f~kd~
o

(
1 a )2(k+l) ----

= k +1 k +b+1
1 2a a2

------+-
k+1 k+b+1 R1

Hy H HaKOHeu:, rro,nCTaBJIIDI a H b H3 (14) H (17), nOJIy-
tIHM:

(2Bi + k + R3 + 3)2 R3A06 '" ---------------
[4Bi2 + 4(R3 + 2)Bi + R3(k + 2R3 +5)](k + 3)'

CpaBHeHMe pe3YJIbTaTOBBbItIHCJIeHMH rro COOTHOIIIeHHIO
(19) C TOtIHbIMH 3HatIeHHHMH ,naer rrorpeIIIHOCTb, He rrpe-
BbIIIIaIOrnyIO 3%. K03<p(lmU:HeHT Anoa MO)I(HO BbI'lHCJIHTh
qepe3 A06 no cPoPMYJIe (11). TaKHM 06pa30M, cPOPMYJIbI
(11), (18) H (19) ,naIOTHaM He06xo,nHMbIe 3HatIeHHH m, A

noa

H A06,

Tenepb Heo6xo,nHMoe BpeMH OXJIa)l(,neHHHl' ,no rpe6ye- .
MOH KOHetIHOHTeMIIeparypbI t

KOH
MO)I(HOorrpe,neJIHTh CJIe- .

,nYIOInHM 06pa30M:

cR2
1 {A tHB" - tXJI }'t':::<--n ----.

AK tKOH - tXJI

B KaqeCTBe rrpHMepa paCC'lHTaeM rrpo,nomKHTeJIbHOCTh
rrpe,nBapHTeJIbHOra OXJIa)l(,neHHH<pMJIecy,naKa rrpH era 3a-
Mop~BaHHH. TeIlJI0<pH3Ht1eCKHe rrapaMeTpbI cPMJIeCJIe-
,nYIOlI.Ufe: TeIlJIorrpOBo,nHOCTh A = 0,53 BT/(M'°C); 06l>eM-
HaHTeIlJIOeMKOCTh C= 3,5·1()6 )J:)I(/(M3,0C); HaqaJIbHaH TeM-

rreparypa cPHJIepbI6bI tHS" = 20°C; He06xo,nHMaH KOHeqHaH
TeMrrepmypa nOBepxHocTH (KpHoCKOrrHqeCKaH TeMrrepa-
Typa) t

KOH
= -1°C; TeMrrepaTypa XJIa,nOHOCHTeJIH

t
XJI

= -30°C; o6'beM e,nHHHqHOrO 06'beKTa V = 6,1·10-4 M3;

rrJI0Ina.nb rroBepxHocTH o,nHoro cPHJIeS = 7,6.10-2 M2; xa-
paKTepHbIH pa3Mep (rrOJIOBHHa TOJIInHHbI) R = 1,25.10-2 M;
K03cPcPHU:HeHTcPOPMbI<1>= 0,64, K03cPcPHU:HeHTTeIlJIOOT,na-
qH a = 20 BT/(M2•

0C). OTclO,na HMeeM: Bi = 0,47; k = 0,56;
K = 0 65' A = l' A = 0 89' l' = 680 C = 11 3 MHH., , 06 ' nOB ' , ,
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